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Of the Ph.D. Thesis by Janar Askerbekkyzy Askerbekova “Numerical Modeling of
Continuation Problems for the Acoustic and Helmholtz Equation” submitted for
fulfillment of the Ph.D. candidacy requirement in the specialty “6D070500 —

Mathematical and Computer Modeling™

The thesis is concerned with the development, implementation and analysis of
methods for numerical solution of continuation problem for the Helmholtz and Acoustic
equations. The considered problems are among the most complex ill-posed problems
arising in acoustic tomography. The author develops and implements several novel
efficient numerical algorithms for continuation problems and the related inverse
problems in time-dependent and frequency domains. A difficulty in the numerical
solution is that the considered problems of continuation are ill-posed and are regularized
by reducing them to inverse problem of determining boundary data on a part of the
boundary. An additional difficulty in the numerical solution is that the solution domain
is triangle in 1D+T and a triangular prism in 2D+T. The author proposes novel
approached to the solution of the inverse problems and demonstrates accuracy and
efficiency of the methods on a few benchmark problems.

The thesis consists of an introduction, three chapters, and a reference section. The
introduction discusses the motivation for the problem, its timeliness, and provides a
comprehensive review of the relevant literature. It highlights the objectives and the
novelty of the obtained results and provides a summary of the approaches. Chapter 1 is
concerned with the development of an efficient algorithm for the solution of the
continuation problem from a portion of the boundary for one-dimensional acoustic
equation. The continuation problem consists of finding a function based on the
information about the function on a portion of the boundary. The author reduces the
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a finite-difference scheme that is suitable for a triangular time-space domain and the
unknown function 15 determined by solving  the corresponding  linear problem,
Ifficieney of the approach is illustrated on a benchmark problem. Chapter 2 is
concerned with a two-dimensional continuation problem arising in acoustics. The
problem is regularized by reducing it to an inverse problem of finding data on a time-
like portion of the boundary. The inverse problem is solved by introducing a cost
function measuring the residual in the problem data and by minimizing the cost function
using a Landweber iteration. The main result of the chapter and of the thesis is the
development and implementation of a projection scheme for solving the direct problem
for acoustic equation as a part of the optimization approach for solving two-dimensional
inverse acoustic problem in a triangular time-like domain. The author derives the
expressions for the gradient of the cost function, which is proved to be the solution to an
adjoint direct problem. A solution to the inverse problem leads to formulation of an
algorithm for solving the continuation problem in a time-like triangular domain. Chapter
3 is concerned with the development and implementation of numerical solution of direct
and inverse problems for Helmholtz equation in frequency domain. The author considers

an ill-posed problem of determining solution based on Dirichlet and Newman data on a
partial domain boundary. The author regularizes the problem by replacing it with an
inverse problem for Dirichlet data on a part of the boundary. The inverse problem is
solved using an optimization algorithm. The author establishes the expressions for the
gradient of the cost function based on the solution of direct and adjoint problems and
formulates a numerical algorithm for solving the inverse problem based on Landweber

iteration. Additionally, an algorithm is proposed and implemented for solving the

continuation problem using the inverse problems and the optimization approach.




The author presents detailed computational analysis of accuracy and stability of the
methods and discusses advantages and shortcomings of the methods. The developed
approaches represent an important step towards solution of inverse problem of acoustic
and clectromagnetic wave propagation in complex media. The presented numerical
experiments illustrate the efficiency and high accuracy of the obtained solutions.

The obtained results are significant and important for the development of theory
and practice of numerical solution of inverse problems.

To the knowledge of the consultant, the obtained results are new. The publications
of the author are representative of the work completed in this thesis. The results were
presented at international mathematical conference in Turkey, and Kazakhstan.

The candidate, Janar Askerbekkyzy Askerbekova, demonstrated a significant
research capacity by accomplishing the results of the thesis, including the high potential
for conducting independent research. Overall, the thesis is a high-quality work with high
scientific value and practical importance.

I believe that the presented work of Janar Askerbekkyzy Askerbekova fully meets
the requirements of a Ph.D. thesis. I recommend that she is granted the scientific title of

a Doctor of Philosophy (Ph.D.) in the specialty “6D070500 — Mathematical and
Computer Modeling™.

International Scientific Consultant, Ph.D.
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dekepbexona Kanap dekepherintininni «6DOTO500 —
MaTeMATHRIBIK 2KOHE KOMIBLIOTEPJIIK MOICALACY» MAMANILIF LI HOHLINIA
puaocodus 10kT0pet (PhD) xapesecin any ymin yepinbliran «AKycruka
AdHe I'eIbMIoibu Tenaeyaepi yuin manractoipy ecentepin canibik

MOAEIbACY» TAKBIPLIOIHAAFBI IHCCEPTAUHSIIBIK KYMbICHIHA YCHIHBLIFAH
IIKIP

Jlucceprauus I'enbMronbil %aHe akyCTHKaIBIK TEHAEY/ep YIUIH AKalracTbipy
ecebiH caHIABIK LIELIY JAICTEpiH o3ipreyre, eHrisyre aHe Tajjayra apHaifaH.
KapacTbIpbliFaH ecentep akyCTHKaIbIK ToMorpadusaa TybiHJIAHThIH €H Kypaeni
Macenenepain Gipi Gonbin Tabbliagbl. ABTOP yakbiTKa Tayenai jkoHe JKMLIIK
06.IBICTAPBIHAAFS! KANFACTHIPY €CenTepi MeH Kepi ecentep yuuid GipHelue Kaxa
THIMAI CaHABIK ANrOpHTMIepAi o3ipieai skoHe eHrismi. CaHABIK LIEWIMHIH
KHBIHBIFB MbIHAJAQ: KApPACTHIPbLIATBIH €CENTEpPAiH AYPbIC KOHBLIMAFaHIbIFbl
aHe o1ap/bl 1ekapaHblH Oip 6eiriHaeri wekapabix MajliMeTTep/i aHbIKTay AbIH
Kepi ecebiHe KenTipy apKbl/bl PETTErEH. CanjblK 1emiMaeri KOChIMIAa KHbIHIBIK -

wewtim o6nbicsr 1D+T-ae ywbypsiu kane 2D+T-ae ymdypbiuTsl npu3Ma. ABTOP

Kepi ecenTep/i LieLIy/liH KaHa TaCiNiH YCHIHBIN, BipHEle TANOHABIK eCenTepMeH

licTepAiH Aaniri MeH THIMALTIrIH KepceTel.

JIMIIOMABIK JKYMBIC Kipicrie/ieH, yill TapayaaH JKoHe cintemenep OeaiMiHeH

Typaas. Kipicnene ecentid yKIAIrL,  OHbIH O3EKTINIr TANKBUIAHBIN, THICTI

anebuerTepre KaH-KaKThl IOTY sacanaabl. OHAA MaKCaTrrap MeH ajblHFaH
HOTHIKENIePIiH KAHAJIBIFbIH KopceTe/ll JKaHe TACHIIEPAIH KbICKALLA MA3MYHbIH
Gepeni. 1-tapay 6ip onuemal aKyCTHKR Teraeyl YWIH 1eKapanbii Oonirivex
Aanractwipy ecebiH ey i FHiMALL AIFOPHTMIH KYPYFa KaTbiCTbl. Kanracrsipy
eceBi wekapanpin Gonirinae jeltiM TYpaibl aKnapaTka Herizaenren (PYHKUHAHBI
Tabynan rypaas. ABTOp aaracTuipy eceOiH  YaKbITKa FOYeLLL  UICKapaiarsl
Aepexrepni taby ecebine Kkesripel, Kepi ecenti eyl aprypa dnicTepiH



ralfailiibl HKIHE CAHABIK cynBanb Kepl KeaTipy aficine wmerizmesreH THIMI

QIrOPHTMI YCHIHBUIFAH. ATan aliTKauna, aBrop ywmGyphiumsl yakbiT-KEHiCTiK

00ABICHL YUIIH KONIAAIb! alfbIpLIMABIK cynGachin YCHIHIBI %aHe Oenricis Gyrkumus

CaiiKeC CBI3BIKTBIK TEHACYAi Wewly apKbisl aHbIKTaTFaH., OMICTIH THIMALMN

ITAIORABIK ECENNEH CyPeTTenreH. 2-Tapay aKyCTHKaAa TYbIHAANTHIH eKi ealeMl]

KANFacThlpy ecedine xartwictei. Ecen lieKapaHblH YakbiTKa ykcac Oemirinaeri
nepextepai TalyAblR kepi eceBine kentipy apkeinbl perreneni. Kepi ecen
JepeKTepaeri KalALIKThl OMIIEHTIH MaKcaTThi (BYHKLUMOHATABI EHIi3y JKoHE
Landweber uTepauMschii naiizanana oTeIpsIN, MakcaTThl  (YHKHHOHALIBI
MHHHMaNAay apKbidbl Wewmineai. TapayabiH &aHe AMILIOMIBIK KYMBICTBIH HEri3ri
HOTHXKEC] YIIOYPBITEI YaKbITKa yKCac eKi enmeMii aKyCTHKAaibiK Kepi ecemTi
lielryre apHaiFaH OHTAHAaHABIPY TaCLiHIH Oeniri peTiHle aKyCTHKaIbIK TeHIey
YLWiH Typa ecenTi MenIyaiH NPOSKUMATBIK CXeMAChIH a3ip/ey KaHe Ky3ere achipy
Oonsin TaObimanel. ABTOp TyHiHZEC XoHE Typa ecenTiH memiMi Gorarbiibl
JaNeNAeHreH MaKCaTThiK GQYHKIIHOHANIBIH MPAIHEeHT] YIlIiH OpHEKTepAi KOphIThII
wsirapasl. Kepi ecentin memiMi yaxsiT Tapisai ymbypsim oGabiCTa XKauracTbipy
eceGiH wemry anropWTMiH KypacTeipyra aKkededi. 3 - Ttapayma [easmronsi
TEHACYiHIH KHMiNiK alfiMarbHAAFE! TYpa JKaHE Kepi ecenTepiiH CaHmBIK welliMid
a3ipney xaHe eHri3y KapacThipBUIFAH. ABTOpP XapTeinail odnbic mekapachiiiars
Jupuxne men Heiiman JAepeKTepiHe HEri3AeAreH WEWNMII aHBIKTAybiH Hallap
Kolburan eceBiH KapacTelpalbl. ABTOP €CeNTi meKapaHeiH Gip Genirimperi
Jlupuxie nepexTepi yiliH Kepi eCenmeH aTMacThipy apKbuisl perreitni. Kepi ecen
OHTaliNaHALIpy AAropuTMi apKbUIbl IIeWinenl. ABTOP Typa XaHe Tyilingec
ecenTepii lwewy HerisiHae MaxcaTThiK (QYHKUHOHANABIH TPAJAHeHTIH ecenTeiini
#one Jlanpsebep MTepalMACHIHA Heri3fenreH Kepi ecenTi wWwewyaiH canabik
AITOPHTMIH TyKbipbiMaaiiasl. COHBIMEH KaTap, Kepi ecen yuwiH oHTailnansipy
Tacifiy naiilanana OTHIPhIN, KAMFACTHIPY ecebiH Wewyain anroputmi YChIHBLbI

AOHe eHrisiam.
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KONBIHAAFBL  MaHbI3b) =
Kanam  Gonpin Tabbitanbl.  YcwlHBUIFAH — CAHJIBIK

raxipHOeTIEp ANbIHFaH e : e -
i MACPAIH THiMAiniri men KOFaphl A/IriH KopeeTe/l.
BIHFAH HAITHIKENep kepi !
P Kepi ecentepmi canmpix WeMyAIH TeopHACh MeH

raKIpHOECIH IaMBITY Yiw1in MaHBI3/IbI,

FoulbIMU KeHeciHiK Ginyi
HECIUHIK Oinyi GoitbiHma, anpiHran HaTHXenep KaHa. ABTOP/1bIH

KapHATAHBIMAAPBI OCBI IMMIOMABIK KYMbICTA aAKTAIFAH KYMBICTBIH OKiJTi G0/bIN
rabbuianbl. HKymbic HaTHkenepi Typkusna, Osepbaiikanaa xome Kajakcrania
OTKEH XaJIBIKApAJIbIK MATEMATHKAIBIK KOH(epeHusmapaa GasHaai b,

Ywmitkep JKanap ©OckepOexkpizsl OckepiekoBa KYMBICTBIH HITHKENEPiH
OpbIHail OTHIPBIN, AWTApP/ILIKTal FRUIBIMH-3epTTeY KabineTiH, OHBIH iliHAe
TayesCi3 3epTTeysep JKYPri3yJliH JKOFapsl aneyeriH Kepcerti. JKamnel anraHnia,
IHCCEPTALMAHBIH  FBUIBIMH  KYHIBUIBIFB MEH TPAKTHKANBIK MaHbI3AbUIbIFbI
JKOFapBl, CaMalbl KyMbIC GOIbIN TaObLIABL.

Kanap OckepOeKKbi3bl OCKepOEKOBAHBIH YCHIHBLIFAH JKYMbICE! Ph.D.

AOKTOP/IBIK AMCCEpTals TalanTapeHa TOMBIK coiikec Keneni jen ecenTefiMiH.
Oran  «6D070500 — MareMaTHKaIbIK JKIHE KOMNBIOTEPIIIK  MOJENbAeY»

MaMan/birbl GofBIHmA (puaocodus AOKTOPHI (Ph.D.) reuleiMH aTarbiH Gepyi

YCBIHAMBIH.
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